Abstract. Given any global field k of characteristic 2, we construct a Châtelet surface over k which fails to satisfy the Hasse principle. This failure is due to a Brauer-Manin obstruction. This construction extends a result of Poonen to characteristic 2, thereby showing that thé etale-Brauer obstruction is insufficient to explain all failures of the Hasse principle over a global field of any characteristic.
Introduction
Poonen recently showed that, for a global field k of characteristic different from 2, thé etale-Brauer obstruction is insufficient to explain failures of the Hasse principle [Poo08b] . This result relied on the existence of a Châtelet surface over k, which violates the Hasse principle [Poo08a, Prop 5.1 and §11]. Poonen's construction fails in characteristic 2 due to the inseparability of y 2 − az 2 . Classically, Châtelet surfaces have only been studied over fields of characteristic different from 2. In this paper, we define a Châtelet surface over fields of characteristic 2 and obtain a result analogous to [Poo08a, Prop 5 .1].
Theorem 1.1. Let k be any global field of characteristic 2. There exists a Châtelet surface X over k which violates the Hasse principle.
The only assumption on characteristic in [Poo08b] is in using [Poo08a, Prop 5.1]. Therefore, Theorem 1.1 extends the main result of [Poo08b] to global fields of characteristic 2, thereby showing that theétale-Brauer obstruction is insufficient to explain all failures of the Hasse principle over a global field of any characteristic.
2. Background 2.1. Brauer-Manin obstructions. The counterexamples to the Hasse principle in Theorem 1.1 are all explained by the Brauer-Manin obstruction, which we recall here [Man71, Thm. 1]. Let k be a global field and let A k be the adèle ring of k. Recall that for a projective variety X, we have the equality X(A k ) = v X(k v ), where v runs over all nontrivial places of k. The Brauer group of X, denoted Br X, is the group of equivalence classes of Azumaya algebras on X. Let inv v denote then map Br Q v → Q/Z. Define By class field theory we have
Thus, if X(A k ) Br = ∅, then X has no k-points. We say there is a Brauer-Manin obstruction to the Hasse principle if
2.2. Châtelet surfaces in characteristic 2. A conic bundle X over P 1 is the zero-locus of a nowhere-vanishing global section s of Sym 2 (E) in PE, for some rank 3 vector sheaf E on P 1 . Consider the special case where E = O ⊕ O ⊕ O(2) and s = s 1 − s 2 where s 1 is a global section of Sym 2 (O ⊕ O) and s 2 is a global section of O(2) ⊗2 = O(4). Take a ∈ k × and P (x) a separable polynomial over k of degree 3 or 4. If s 1 = y 2 + yz + az 2 and s 2 = w 4 P (x/w), then X contains the affine variety defined by y 2 + yz + az 2 = P (x) as an open subset. In this case we say X is the Châtelet surface defined by
See [Poo08a, §3 and §5] for the construction of a Châtelet surface in the case where the characteristic is different from 2.
3. Proof of Theorem 1.1
Let k denote a global field of characteristic 2. Let F denote its constant field and let n denote the order of F × . Fix a prime p of k of odd degree and let S = {p}. Let O k,S denote the ring of S-integers. Let γ ∈ F be such that
. By the Chebotarev density theorem, we can find elements a, b ∈ O k,S which generate prime ideals of even and odd degree, respectively, such that a ≡ γ (mod b 2 O k,S ). These conditions imply that v p (a) is even and negative and that v p (b) is odd and negative. Define
Note that g(x) = a −4n bf (x) + γ. Let X be the Châtelet surface given by
In Lemma 3.1 we show X(A k ) = ∅, and in Lemma 3.2 we show X(A k ) Br = ∅. Together, these show that X has a Brauer-Manin obstruction to the Hasse principle.
Lemma 3.1. The Châtelet surface X has a k v -point for every place v.
Proof. Suppose that v = v a . Since a generates a prime of even degree, the left-hand side of ( * ) factors in k v [y, z]. Therefore, there is a solution over k v . Now suppose that v = v a . Since y 2 + yz + az 2 is a norm form for an unramified extension of k v for all v, in order to prove the existence of a k v -point, it suffices to find an x ∈ k v such that the valuation of the right-hand side of ( * ) is even.
Suppose further that v = v p , v b . Choose x such that v(x) = −1. Then the right-hand side of ( * ) has valuation −4 so there exists a k v -point.
Suppose that v = v p . Let π be a uniformizer for v and take x = πa 2 /b. Then
Since a has negative even valuation and n ≥ 1, we have v(f (x)) = v(a 2 b −1 π) which is even. Now let us consider
By the same conditions mentioned above, all terms except for γ have positive valuation. Therefore v(g(x)) = 0.
Note that by the conditions imposed on a, (a
. By the conditions imposed on a, we have
and let A denote the class of the cyclic algebra (L/k, f (x)) 2 in Br k(X). Using the defining equation of the surface, we can show that (L/k, g(x)) 2 is also a representative for A. Since g(x) + a −4n bf (x) is a v-adic unit, g(x) and f (x) have no common zeroes. Since A is the class of a cyclic algebra of order 2, the algebra (L/k, f (x)/x 2 ) 2 is another representative for A. Note that for any point p of X, there exists an open neighborhood U containing P such that either f (x), g(x), or f (x)/x 2 is a nowhere vanishing regular function on U. Therefore, A is an element of Br X.
Proof. The surface X contains an open affine subset which can be identified with
Let X 0 denote this open subset. Since inv v : X(k v ) → Q/Z is continuous, it suffices to prove that inv v takes the desired value on the v-adically dense subset
Since L/k is an unramified extension for all places v, evaluating the invariant map reduces to computing the parity of the valuation of f (x) or g(x).
Suppose that v = v a . Since a generates a prime of even degree, T 2 + T + γ splits in k a . Therefore, (L/k, h) is trivial for any h ∈ k a (V ) × and so inv v (A(P v )) = 0 for all P v ∈ X 0 (k v ). Suppose that v = v p . We will use the representative (L/k, g(x)) of A. If v(x 0 ) < v(a 4n b −1 ) then the quadratic term of g(x 0 ) has even valuation and dominates the other terms. If
then the constant term of g(x 0 ) has even valuation and dominates the other terms. Now assume that x 0 = a 4n b −1 u, where u is v-adic unit. Then we have
Since γ was chosen such that T 2 + T + γ is irreducible in F[T ] and p is a prime of odd degree,
. Thus, for any v-adic unit u, u 2 + u + γ ≡ 0 (mod p). Since a ≡ 0 mod p, this shows g(x 0 ) is a v-adic unit. Hence inv v (A(P v )) = 0 for all P v ∈ X 0 (k v ).
Finally suppose that v = v b . We will use the representative (L/k, f (x)) of A. If v(x 0 ) < −1 then the quadratic term has odd valuation and dominates the other terms in f (x 0 ). If v(x 0 ) > −1 then the constant term has odd valuation and dominates the other terms in f (x 0 ). Now assume x 0 = b −1 u where u is any v-adic unit. Then we have
It suffices to show that a −4n u 2 + u + a ≡ 0 (mod bO k,S ). Since a ≡ γ (mod bO k,S ), we have
Using the same argument as in the previous case, we see that a −4n u 2 +u+a ≡ 0 (mod bO k,s ) and thus v(g(x 0 )) = −1. Therefore inv v (A(P v )) = 1 2 for all P v ∈ X 0 (k v ).
